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Chapter 0

Introduction to potential theory

0.1 Basic concepts

Let ¢ and ) be two point charges with coordinates x and y respectively and suppose
x # y, so that their euclidean distance, given by |z — y|, is positive. By Coulomb’s law,
the electrostatic force between ¢ and @ is given by

rT—-yY

F:kquw—y\?”

is Coulomb’s constant.

(see figure i where k =

Ameg

Figure 1: The electrostatic force between ¢ and @ (on the left).
Figure 2: The electrostatic field generated by @ > 0 (on the right).

Then, the electrostatic field generated by the point charge @ is defined as the func-

tion
r—y

|z —y3

E(z) = kQ

(see figure [2)).



Figure 3: The electrostatic field generated by a distribution of charges p > 0 (on the
left).

Figure 4: Physical interpretation of the potential V# (on the right).

The field generated by a finite number of charges, say Q1,...,Qn (N > 1) at
positions ¥1, ..., yn respectively, is the sum of the electrostatic fields generated by each

single charge:
=k Z O

More generally, if p is a distribution of charges (a compactly supported signed measure
on R?), then the electrostatic field generated by p is given by

E“(:c):k:/R LY du(y).

s |l —y[3

yl3

(see figure [3)).
Since E(x) is radial, it is conservative, with —V (\fﬂ|> ‘x|3 Hence, the electrostatic

field generated by the distribution of charges p is the gradient of the potential: E* =

—VVH, with
Vi(z) = k/ dply)
R |2 — Y|
The definition of potential has a physical interpretation: for € R3 fixed, consider a
smooth curve 7y, joining oo to x. Then, V#(z) is the work required to move a charge
q = +1 from oo to x against the electrostatic field generated by p under the assumption
VH(00) 1= lim|y| 400 V#(7) = 0 (see figure {)):

Vi) = — [ B".dy.
Yz

Finally, we focus on the energy &£ stored in a distribution of charges. Consider N
charges 1, ..., Qn at positions x1, ..., xy respectively. The energy of that distribution
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is that needed to arrange the configuration moving the charges one by one from oo to
their position. So,

1
36 =@ E°\(y) - dy - Qg/ E9(y)-dy — ... - QN/ EQ1-QN-1(y) - dy =
Yzo Yz3 'YzN
=V (z F VOVt (gy) = k & @
() NP D e erj—xzr
1<j<I<N

In the case of a continuous distribution of charges u,

1
ey =k [ [ @),

0.1.1 Some applications to calculus

In this section, we provide an evidence of Poisson’s equations. Let V* be the potential of
the electrostatic field generated by the distribution of charges u supported on a compact
set A C R? having smooth boundary EL then V* is characterized by

AVH = 1
{V“(oo) =0, (P)

where the equation AV = —% must be intended in some distributional sense.
Recall that, by divergence theorem, if U : A — R3 is a field, then

U - fdo / div(U)dA, (1)

0A A
where 7 is the outward pointing unit normal vector on 0A, do is the surface measure
on 0A, div(U) =V.-U = g—gl + gT;U2 + g—U and dA is the volume measure on A. If 0 ¢ A,
then applying toU(z) =V (i> = —% and using the fact that div(VU) = AU,

] \:vl

/ \Y (1> -ndo = / ( > d$1d$2d$3 =0 (2)
A |z |z

. ( 1

since A

W) = 0 on R%2\ {0}. If 0 € A, then we consider a ball B. = B(0,¢) and
observe that the same argument above leads to

1 1 1
0= / A ( ) dridxodrs = V <> -ndo +/ \Y% <> -ndo =
A\B. 2] @ |z| 9B, |z]
1\ . 1, 1\ .
= Vi | ndo+ Z4me” = 4w + V|— ] - ndo,
polar Jga || € dA ||

coord.

we have

!Even if this theorem can be further generalized to situations in which the boundary is not necessarily
smooth.



so that

1
/ \% <) -ndo = —4m. (3)
o4 \lzl
and ([2.2) together give

if0¢ A
/ \% <1> -ndo = 0 1 0¢4, =: —47mdy(A),
dA |z| —4n if0e A

in some distributional sense (so that we don’t care of what happens if 0 € 9A). Using
Gauss theorem again:

/AA<|i|>dA /BAV(’;)  ido = 4750 (A),

so that (using the identity —4wdg(A) = —4m [, dpdA that must be interpreted in a
distributional sense), one has

A <|331|> = drd(x) = A <‘i|> - —gz.

Writing = p % dop = do * p (in a distributional sense),

Vi) =k [ dute) =k (e ) @)

A(VE) = px <A <|1|>> = px (—4nkdo) = —4mkp x 6o = —4nkp = _5'
' 0

0.1.2 Getting rid of vectors and derivatives

so that

We want to dispense with vectors and derivatives. First, observe that the energy integral
E(w)=k|f m—iy‘du(:c)du(y) can be written in several different ways:

)=k ﬂ = /R |x—y| o) = [V @nte) =

R3

_Vu

_ —50/ V“(x)AV“(x)dx—eo/ \vvu@:)y?dx_go/ B () 2 =
R3 R3 R3
a0 [ I-8)2V(a) P,
RS

where the fractional powers of A are defined via the Fourier transform as follows: recall
that the Fourier transform is defined for a function ¢ € S(R?) := {g € C>(R?)

supgeps |22 DPg(z)| < 0o Vo, € mn} as
H(E) = / pl)e 2% d,
RB
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so that for any tempered distribution v € S’ it is well defined another tempered distribu-
tion & = F(u) characterized by 4(¢) = u(p) (p € S). The operator F : u € &' — 4 € S
is a surjective isomorphism and it is still called the Fourier transform. Now, for s € R,
define

(—A)u = FH((4n?]-?)*a),

so we get the definition of (—A)Y2 by choosing s = 1/2.

If we define, for f: R® — C, the Riesz potential I; of f as

hite) = o [ 10 (@)

~on? e
then it can be proved that (—A)Y2I; f = f, so that

Lif=(-A)""2F,

1/2

where (—A)~1/2 is also the inverse of the operator (—A) For a measure s, (4)

becomes
1 d
L= 2/ u(y)Q.
27 Jgs |z =y

Observe that most of what we have defined so far can be written in terms of p and Iy
alone: for instance,

Vi (z) = ;(—A)‘lu(w) = 5101111“(“')
and

E(1) = 0 /R =8) 2y = /R )P

0.1.3 Capacity of conductors

A conductor is a set where charges are free to move. In most cases, it is a compact set,
not necessarily connected, although we fictionally assume that charges are free to pass
from one connected component to the others.

Let M > 0 be the total amount of charge on a conductor C, set ||u|| := u(C) = M,
where, for simplicity, u is assumed to be a positive measure on R3. The charges in C will
start moving in C' under Coulomb’s force, until they reach an equilibrium configuration
u€, which is proven to exist and to be unique (see figure |5)).

For such a distribution, one has

E* =0 on supp(u),

otherwise the charges would still move under the action of the electrostatic force. It
is easy to see that, even if C' is not connected, V*° must be constant on supp(uc).
Actually, V*° must be constant on the whole of C.

9
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Figure 5: The equilibrium configuration.

The capacity of C' is defined as
Cap(C) = max{ ||| = V* =1 on C},
the maximum amount of charge M for which V*° = 1 on supp(u°).

Gauss proved that the equilibrium distribution possesses simultaneously a number
of properties, some of them of extremal importance:

(1) V# <1 on R3;

(2) E(p%) < E(p).

10



Chapter 1

Axiomatic non-linear potential
theory

1.1 Kernels, potentials and capacity

Let p € (1,400), X be a locally compact metric space and (M, m) be a measure space.

Definition 1.1.1 (Lower semicontinuous function). Recall that a function f : X —
[0, +00] is lower semicontinuous (LSC for short) if

hH_l)inf(iL‘) > f(zo) Vaoe X.
T—T0

Example 1.1.2. Any characteristic function f(x) = x(4) () is LSC. See figure .

S E—— Oo=———
! \
I A
] [N
1 \
7 A\
@ o S b

Figure 1.1: An example of LSC function (on the left).

Figure 1.2: LSC functions can be approximated pointwise from below by compactly
supported continuous functions (on the right).

We will use the following characterizations of LSC functions:
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Proposition 1.1.3. (i) A function h > 0 is LSC on X if and only if there exists a se-
quence {h;}; C CA(X)={f:X = R : fiscontinuous and supp(f) is compact}
such that hj /* h as j — 400 pointwise.

(ii) h is LSC on X if and only if {x € X : h(z) > a} is open for all a € R.
(11i) If h is LSC on a compact set K, then h attains its minimum on K.

Definition 1.1.4 (Kernel function). A kernel on X x M is a function K : X x M —
[0, +00] such that

(a) for all z € X, the function K(z,-) : M — [0, +00] is measurable;
(b) for all & € M, the function K(-,«) : X — [0,400] is LSC on X.

Definition 1.1.5 (K and K). Let p > 0 be a Borel measure on X and f > 0 be an
m—measurable function on M. We define

/f K(z,a)dm(e) and Kp(o /Kmozd,u

Remark 1.1.6. 1. Kf and Kpu are everywhere well defined up to allow them to take
400 as a value.

2. Both K and K are generalizations of the Riesz potentials. In fact,

1@ = 53 [ F0) = gduty)

and

Lip(z) = 1/R 12du(y),

212 Jps |z —y

that is, X = M = R3 and K (z,y) = z ly‘Q

We also define the energy as

E() == /M[ma)]p’dm(a),

where p’ is the conjugate exponent of p (that is, the positive number characterized by
= + , = 1), and the potential as

Vi (z) = (K(Kp)P~ ' (2).
Remark 1.1.7. The potential V* is non-linear.

Definition 1.1.8 (Capacity). Let E C X. The capacity of E is defined as
Cap(E) = mf{ 11y = £ 20, Kf>10n E}

12



Proposition 1.1.9. (i) Cap(@) =0;
(ii)) A C B = Cap(A) < Cap(B);
fii) {E}e, € P(X) = Cap (UL, Fi) < Y52, Cap(By).

Proof. Item (iii) is the only non-trivial point of the assertion. Let ¢ > 0. For all
k=1,2,..., let fi be a function such that f; > 0 and K fr > 1 on E}, with

1ol gy < Cap(Er) +27%e.

The function f := max{f;}?2, is clearly m-measurable and non-negative. Also, for
all k, Kf > Kfy > 1 on E, so that Kf > 1 on |J, E. Finally, using the fact that
max{af } = (max{a;};)? < (3°, ar)? (p > 1) and the monotone convergence theorem,
we get:

C P pd _ pd c .
ap(lglEk> E/Mf mS/M;fk m ;/Mfk mng:l ap(Ey) + ¢

O

1.2 Tilings of rectangles and finite rooted subdyadic trees

In this section, we deal with the model of finite trees. We consider a rooted finite
subdyadic tree T = (V(T), E(T)). This means that the set E(T) of its edges has a
distinguished root-edge w, one of which endpoints, the pre-root vertex b(w) is endpoint
w alone (see figure [L.3)).

Each vertex x € V(T') is endpoint of no more than three edges and it is a leaf if
z # b(a) for all & € E(T) (see figure [L.4). The set of the leaves of a finite tree T is
called the boundary of T and it is denoted with 07T

The fact that T has a root edge w and a pre-root vertex b(w) induces a partial order
on vertices and edges. If a € E(T'), we denote with b(«) the upper vertex (which is the
one closest to b(w)) and with e(a) the lower vertex. With this notation, for all «, one
has e(o) < o < b(a) (see figure [L.5).
Remark 1.2.1. An alternative point of view that allows one to define rooted finite
subdyadic trees is that of considering them as subtrees of a rooted dyadic tree T =
(V(T3), E(T2)), which is a rooted tree such that each vertex, except b(w), is the endpoint
of exactly 3 edges (see figure for an example). Alternatively, any finite subdyadic
tree can be seen as the subtree T' = T'(F') generated by any finite subset F' C V(T%).
Of course, F' can always be assumed to be such that F' = 9(T'(F)).

Rooted finite subdyadic trees are naturally related to finite square tilings of rect-
angles, which provide another representation (or model) of them. How do we associate
the square tiling of a rectangle to a finite subdyadic rooted tree and vice versa? We
see this though an example: consider the finite rooted subdyadic tree of figure [[.7] and
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Figure 1.3: The root-edge w (on the left).

Figure 1.4: The leaves are the colored vertices. Observe that each vertex is endpoint of
1, 2 or 3 edges (on the right).

interpret each of its vertices, except b(w), as the center of one of the squares that define
the tiling (see figure . Analogously, any finite square tiling of a rectangle defines
naturally a rooted finite subdyadic tree.

Exercise 1.2.2. Consider the tiling of figure and suppose that the height of the
rectangle is 1. Calculate the length of the basis and the lengths of the sides of the three
lower squares.

Call a, b and c¢ the lengths of the three lower squares’ sides, as in figure [I.8] Then,
we have to calculate a, b, ¢ and a + b+ ¢. By comparing the lengths of the squares and
using the fact that the height of the rectangle is 1, it is clear that

(a+b+c)+a=1,
:C’
b+ (b+c)=a.

This system admits a unique solution: a = %, b=c= %, which gives a + b+ c = %.

So, we saw that to any rooted finite subdyadic tree it is possible to associate the
square-tiling of a rectangle. If we require these rectangles to have height 1, then to
each rooted finite subdyadic tree it is possible to associate a number as well, that is
the length of the basis of the rectangle whose square-tiling represents the tree. From
now on, when representing a rooted finite subdyadic tree with the square-tiling of a

14



Figure 1.5: e(a) < o < b(«) (on the left).

Figure 1.6: A rooted finite subdyadic tree as a subtree T" of a rooted dyadic tree T5 (on
the right).

rectangle we will always assume that the length of their heights is 1.

Let T be a finite rooted subdyadic tree with root-edge w, then

Qap,,(0T)

denotes the length of the basis of the rectangle associated to T'. Also, when w is obvious
or irrelevant to the context, we write Qap(9T") instead of Qap,,(97T).

Now, we describe a procedure to "unite" two rooted finite subdyadic trees into
one: consider two rooted finite subdyadic trees Ty and T_ and let wy and w_ be their
root-edges respectively, then consider T as the rooted finite subdyadic tree obtained by
juxtaposing b(w4) and b(w—) and adding a new root-edge w, so that e(w) = b(w4) =
b(w_) (see figure [1.9).

Clearly, 0T = 0T+ U 0T-. We want to find a relation between Qap,,(9T") and
Qap,, (0T%). For, consider the tilings related to T and T_ respectively. To get the
tiling of T', juxtapose the two tilings of Ty and 7T_ along their right and left sides
respectively, then juxtapose a square on the top (see figure .

This juxtaposition alone is not enough to get the tiling of the union of the two trees.
In fact, a rescaling is needed to turn the height of the rectangle in figure equal to
1. Before the rescaling, this rectangle has basis Qap,,, (9T) + Qap,,_(9T_) and height

15



® a+b+e
at+b+e at+b+e
a+b+e
/’ a b+c¢
b
JrCb+::
T\ @ o btc
b ¢
@ b c a bbbc(!c

Figure 1.7: From trees to tilings and vice-versa (on the left).

Figure 1.8: The tree of Example (on the right).

14+ Qap,,, (0T4)+Qap,_(0T-). After the rescaling the height becomes 1, and the basis
Qap,,(0T) is given by the proportion

Qapy,, (0T4) + Qap,_(0T-) _ Qap,(0T)

1+ Qap,,, (0T4) + Qap,,_(0T-) 1 ’

that is:

N Qapw+ (8T+) + Qap,,_ (an)
Qap,(OT) = 7 Qap., (0T1) + Qap,,_(0T_)’

Rewriting this expression:

Proposition 1.2.3. Let T and T— be two rooted finite subdyadic trees with wy and w_
as root-edges respectively. Let T be the tree obtained with the procedure described above
and let w be its root-edge. Then,

1

Qapw(aT) = 1+

1 .
Qan+ (3T+ ) +Qape,_ (BT_ )

Finally, we prove that Qap,,(0T) = Cap(0T) up to choosing the metric space X,
the measure space M and p € (1,+00) correctly. Of course, X = 9T which is trivially
a metric space. Then, we take M = E(T) with the counting measure. For all x € 9T

16



Figure 1.9: How to get a finite rooted subdyadic tree starting by two different ones (on
the right).

Figure 1.10: The tiling of the "union" of two finite rooted subdyadic trees in figure
(on the left).

and all « € E(T), define

1 «a€[blw),z],

0 otherwise,

K(z, ) = X[pw)q) (@) = {

where [b(w), z] is the set of the edges connecting b(w) to the leaf x. From now on, we
use the notation o := b(w).
Take f : E(T) — [0, +00], then

K f(z) = f@K(z,a)dm = Y f@)xpq(a)= > fla),

E(T) a€E(T) a€lo,z]
as dm denotes the counting measure on E(T"). We use p = 2, so that
Cap(dT) = inf{ IfI% : f>0, Kf(z)>1 forze aT} -
:inf{ Z f(@)? : f>o0, Kf(x)Zlfoer@T}. (1.1)

acE(T)

17



Figure 1.11: The trivial tree.

Example 1.2.4. Consider the trivial tree in figure we want to calculate Cap(9T)
and prove that, in this case, it is equal to Qap,,(0T"). By (L.1), it is clear that

C’ap(BT)zinf{ Z fla)? - fZOandKf(m)zlifxEBT}z
a€E(T)

N N
:inf{Zf(wj)Q : f>0and Zf(wj)zl}.
J=1 j=1

Let z;j := f(w;), we want to find z; (j = 1,..., N) such that F(21,...,2n5) = 3 72, x? is

minimal on the constraint g(z1,...,zn) = Z;Vﬂ xj > 1 (the case N = 2 is represented
in figure [1.12)). We start observing that the infimum defining Cap(9T) is actually a

Figure 1.12: The constrained optimization problem of Example for N = 2.

minimum and the minimum is attained on the constraint g(z1,...,zx5) = 1. So, we

approach the problem using Lagrange multipliers, that is we have to solve
VF(z1,...,zy) = AVg(z1,...,2N), . 2z = A forj=1,...,N,
g(z1,...,zy) =1 1+ ... +ay =1,

18



which admits the solution: z; = f(w;) = % for all j =1,...,N. In particular,

N
Cap(0T) :Z

Finally, observe that the tiling that corresponds to the trivial tree of figure is a
rectangle decomposed into N equal squares. Since the height of this rectangle has to
be 1, it is obvious that

1
Qup.(9T) = < = Cap(dT).
Remark 1.2.5. We conclude this section with several remarks concerning (|1.1)).

1. The condition f > 0 can be dropped. In fact, if f does not satisfy it, then replacing
f with max{f,0}, which is still a function in ¢2, one gets > acE(T) f(a)? smaller,
while enlarging the value of 3¢, . f(@).

2. The infimum is actually a minimum, by Weierstrass theorem.

3. The condition )~ c(, .1 f() = 1 can be replaced with the stronger >, ¢(, .1 f(a) =
1. In fact, if f(ap) > 0 for ag € Jo,z], then replacing f(ap) with a smaller
value, the sum 3,1, . f(a)? gets smaller. So, if > acloq] f(@) > 1, by replacing
some of the f(a) with smaller values one gets }_ [, f(a) = 1 with smaller

Zag[o,w} f(a)Q.

4. Clearly, each function f that contributes to Cap(9T) is supported on the tree
generated by OT.

5. Consider an edge « such that e(«) is endpoint of exactly three edges: «, ay and
a_ as in figure If f is a (the, as we shall see) argument of the minimum

Figure 1.13: Remark 5.

of (1.1)), then f(a) = f(ay) + f(a—). To see why, suppose to change the values

19



of f only on «,a; and a_ leaving f(a) + f(ax) unchanged. Let g be the new
function obtained, i.e. for some t € R,

glax) = flax) -, (1.2)
9(B) = f(B) for all 8 # a, a.
Then
o9 = D B+ @)+ )7+ (flagp) =)+ (flao) = 1),
BEE(T) B;:GE(T) —50

Clearly, ¢(t) has a minimum in t = f(o‘+)+f(3a‘)7f(a). Plugging t into 1} we
get

Y

g(a) = 2f(a)+f(o§+)+f(a,)7
glax) = a)+2f(ax)—f(azx)
3

which satisfies g(ay) + g(a—) = g(a).

. The extremal f is unique. In fact, if f; and fo are both extremals for ( . then

f1+f2 c £2 and
Yaen(r) f1(@)? =m =3 cpir) fo(@)?,
Zae[o,x] fila) = Zae[o,x] fola) =1 for all x € OT.

Hence,

<f1+f2> S fi(e +f2 fila) + fala) _

a€lo,x]

and, by Jensen’s inequality

S (MOHN (8 s B o) m

a€E(T) acE(T a€E(T)

which contradicts the minimality of both f; and fs, as Jensen’s inequality can be
strict by choosing f; and fs properly.

. Let f be the argument of the minimum in ([1.1)). We can think of the minimizer
f as a measure on 9T if we set

05 () := {SL‘ €edl : ac€ [0,3:]},

then
1(0S(a)) = f(a) (1.3)

defines a measure on 97, which is called the equilibrium measure.

20



Theorem 1.2.6. Let T be a finite rooted subdyadic tree with root-edge w. Then,
Cap(9T) = Qap.,(0T).
Proof. Let f be the extremal in (1.1)). By Remark 5., if x,y € T are two leaves
which are endpoints of two edges a, and «, such that b(a,) = b(ay) = e(a) for some
a € [o,x] N [o,y] (see figure[1.14)), then, by (1.3) and Remark (1.2.5) item 5.,
p(9S(a)) = u(95(az)) + u(0S5(ay))-

It is clear, that the basis of the rectangle R whose square-tiling is related to T is given

195 (a)) = nu(0S(a)) + p(09(ay))

(08 () p(3S(ary))

Figure 1.14: The situation in the Proof of Theorem and the tiling related to that
branch of the tree.

by
Qap.,(IT) = Y u(dS(aw)),

xzedT

where a,, € E(T) is the unique edge such that e(a,) = z. Also, since the height of the
same rectangle is 1, it is clear that the area of R is equal to

AR)=1- ) w(dS(ar)) = > u(0S(aw)) = Qapy,(9T).

zedT zedT

However, the same area can be calculated by summing together the areas of the squares
which give the tiling of R. These areas are exactly p(9S(a))? = f(a)?, which summed
together give Cap(9T), since f is the minimizer. O
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1.3 Topics of functional analysis

1.3.1 The weak-* topology on M (X)

Define
M(X) := {,u Borel signed measures s.t. ||p] = |p[(X) < oo},

where |u|(X) is the total variation of u, that is

o0 oo
|pe|(X) = sup { Z |uW(E;)| : Ejis Borel —measurable and X = |_| Ej}.
j=1 Jj=1

It can be proved that p € M(X) — ||| € [0, +00) defines a Banach norm on M(X).
Set

My (X) = {u Borel positive measures s.t. ||p| := p(X) < oo}

and
Co(X) = {f X >R feC®(X)and lim f(z) = o},

where CY(X) is the space of the continuous functions on X taking values in R and
lim, 400 f(x) = 0 means that for all € > 0 there exists K. C X compact such that
|f(z)] <eifxe X\ K.

A well known result of functional analysis relates Cy to the topological dual of M.

Theorem 1.3.1 (Riesz representation). Co(X)* = M(X) under the duality pairing

p(p) = (p,p) = /X pdp

for all p € Co(X) and for all p € M(X).

Given a sequence {y;}; C M(X) (resp. C M4 (X)), we say that {u;}; converges
weakly-* to pr € M(X) (resp. € M, (X)) and write p; % w if for all ¢ € Co(X),
j—+o0

lim; oo () = ().

We conclude this section with a compactness result involving the topology induced
by the weak-* convergence, which happens to coincide with the smaller topology with
respect to which all the evaluation linear functionals A, : p € M(X) — u(yp) € R are
continuous [

Theorem 1.3.2 (Banach-Alaoglu). Let V' be a Banach space, then the unit ball By~
of V* is weak-x compact. This is equivalent to claiming that
W{fi}i € Bves Hfide C{fj}y and 3f €V st fi, —— .
—+00

IThe euclidean topology is the one considered in this work, when no other topology is specified, on
R"™ or C"
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1.3.2 Uniform convexity

Recall that a subset C' of a vector space X is called convex if for all ¢ € [0, 1] and all
zyeC itz + (1 -ty eC.

Definition 1.3.3 (Uniform convexity). A Banach space (X, ||-]|) is called uniformly
convex if for all £ > 0 there exists § > 0 such that for all z,y € X satisfying ||z||, |ly|| >
1+ 6 and ||Z52]| < 1 one has ||z — y|| < e.

Example 1.3.4. For all p € (1,400), LP(dm) is uniformly convex.

Theorem 1.3.5. Let X be a uniformly convexr Banach space. Let C C X be closed and
convex. Then, there exists a unique ¢ € C' such that ||c|| = min{||z|| : = € C}.

Lemma 1.3.6. Let (V.||||) be a uniformly convex Banach space and {z;}; C V be

Ij;x’“ > 1. Then, there

a sequence such that lim;_, ||z || = 1 and liminf; ;4

exists xg € V' such that x; % 0.
]*} o

Proof. Fix e > 0. For § > 0 to be chosen, there exists jo = jo(d) > 0 such that for
all 4,k > jo, [lz;]| < 1+ and || 25

> 1 — 4. In particular, the sequence {%}
J

satisfies the axioms of Definition [1.3.3] so that up to choose § small enough, one has
|z; — x| < e, that is {x;}; is a Cauchy sequence of V', which is Banach. This concludes
the proof. O

1.4 Back to potential theory
Proposition 1.4.1. Let p € (1,+00).

(i) The mapping x € X — K f(x) is LSC on X for all f € LP(dm);

(ii) the mapping p € M (X) — Kp(a) is LSC on M4 (X) for all a € M;
(iit) for all f € LP(dm), the mapping

pe M(X) o i )= [ Rule)f(@)dme) = [ Kf(@u(o)

is LSC on M (X) with respect to the weak-* topology.

Proof. (i) Let xg € X and {zp}r C X be such that limy_, 2 = x in X and
limg 400 K f(2x) = liminf, ., K f(z). Then,

f(zo) / K(xo,a)f(a)dm(a) < / lim inf K (zg, @) f (a)dm(a) <
K(-,a) M k—+oo
is LSC
R / K (2y, ) f(a)dm(a) = liminf K f(zx) = lim K f(z) =
= liminf K f(z)
T—TQ
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ii) We use Proposition [1.1.3| (i). Let K. CO(X) be such that h o) S K (-
7 J c
pointwise. Let {u;}; C M4 (X) be such that gy f p e Mi(X). Then, by
——+00

the monotone convergence theorem, for all [
Riao) = [ K)o = [ tm 1 @duta) = tim_ [ 0 @) =
j—+oo 7 Jj—too Jx J
> [ W @)
X

for all j. Since u; converges to p in the weak-* topology, taking the lim inf; ., at
both sides of the inequality above,

lim inf K () > liminf/ h(»a)(a:)dm(x) :/ h(a)(:c)d,u(@
=400 X J X J

=400

for all j. Then, by the monotone convergence theorem,

liminf Ky(o) > lim h /K:U a)du(z) = Kp(a).
=400 k—+oo Jx

(iif) Let gy T p in M4 (X). Then, by (ii)
_>

lim inf € (py; f) —hmlnf/ f(@)Kp(a2)dm(a) >

l=+400 (Fatou)
> [ (@) tmint Ryu()dm(e) > [ fla)Ra(@)dm(a) = (i ).
M l=400 (i) J M
O
We prove that the capacity is outer regular, that is: for all £ C X
Cap(F) = inf {C’ap(U) : UDE, U open}. (1.4)

Proposition 1.4.2. Cap is outer regular.

Proof. Let E C X. We have to prove ([1.4). Observe that the assertion is obvious if
Cap(E) = +o00. Hence, we suppose Cap(E) < +oo.

(<) follows directly from the subadditivity of Cap.

(>) Fix ¢ > 0 and let f € L (dm) be such that Kf > 1 on E and HfHLp dm)
Cap(E) + ¢. By Proposition [L.1.3] (ii) and Proposition [1.4.1] (i), the set

U={zeX : Kf(zx)>1—¢}

is open. Then, since K (é) = % > 1 on U, we have

/
1—¢

P B C’ap(E) +e
(1—e)p

Cap(U) < H

LP(dm) ( )

for all € > 0. The assertion follows taking ¢ — 0.
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O

Remark 1.4.3. The following inequality, which is called the weak capacity inequality
is tautological: for all A\ > 0 and all f € L% (dm),

APCap ({Kf > A}) < /M FPdm.

The holy Graal of this theory is a strong version of this inequality, which seems to be
holding only in specific circumstances: for all f € L% (dm),

—+00

Cap ({5 = 2}) a0 < [ fram.

0

where < stands for "< up to some constant independent on f".
Now, we give a characterization of sets of capacity 0 in terms of the existence of

functions Lﬁ_ which are infinite on these sets.

Proposition 1.4.4. Let E C X. Cap(E) = 0 if and only if there exists [ € L% (dm)
such that K f(x) = +oo for all x € E.

Proof. (<) If f € L¥ (dm) and satisfies K f(z) = 400 for all z € E, then for all N > 0
£ 1P
one has K(f/N)(x) > 1 for all x € E. Hence, Cap(FE) < HN’

Lr(dm) N—0
(=) If Cap(E) = 0, then for all N > 0 there exists fy € L% (dm) such that K fy > 1
on E and |[fn || o (gm) < 27N The function f := >8>, fn satisfies Hf”ip(dm) <
>N /Nl o (gmy =1 and clearly K f = +o00 on E.
O
The following Egorov-type theorem holds:

Theorem 1.4.5 (Egorov). Let {f;}; C LP(dm) be a Cauchy sequence. Suppose that

[ Lfn)> f € LP(dm). Then, for all € > 0 there exists U. open such that Cap(U) <
j—+oo

and a subsequence {f; i C {fj}; such that K f;, ﬁ K f uniformly on X \ U..
—r+00

Next, we focus on the notion of non-negligibility in potential theory in terms of
capacity. We say that a property P(z) holds quasi-everywhere on X if Cap({z €
X : P(x) fails}) = 0. Define

O = {feLﬁ(dm) : Kf21onE}

and
Qp = {fGLﬁ_(dm) s Kf>1gq.e on E}

L

Proposition 1.4.6. QO = Qp P (dm) for allp € (1,+00).
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Proof. (2) It is enough to prove that Qp is closed in Qp. For, let {f;}; € LE(dm)
be such that Kf; > 1 on X \ E; with Cap(E;) = 0 for all j and f; f:(jrg
f € L (dm). We must show that Kf > 1 on X \ Ey with Cap(Ey) = 0. By
Theorem|1.4.5} for all N > 0 there exists {f}:f)}k C {fj}; such that Kf;}jv) —

k—4o00
K f uniformly on X \ Fy with Cap(Fy) < 27V. In particular, Kf > 1 on
X\ EoUy Fn and Cap(Ep) < Yy Cap(En) = 0 gives that Cap(Ep) = 0.

(C) If fe L (dm) and Kf > 1 qg.e. on E, then Kf > 1 on E\ Ey for some Ey C X
with Cap(Ep) = 0. By Proposition for all N > 0 there exists fy € LY (dm)
such that K fy = +o0o on Ey and |[fx || s (gm) < +. So,

1
HfN‘i-f— fHLp(dm) = HfNHLP(dm) < N Notoo 0,

so that fy + f ;L[T)> f and clearly f+ fx € L% (dm). Moreover,
—+00

K(f+ fn)(z) = Kfn(z) + K f(z) = +o0
on Fy and

K(f + fn)(x) = Kf(z) + Kfn(z) 2 1+ Kfn(z) > 1
N——

>0

on E\ Ey. Hence, K(fy + f)(z) > 1 on E. In particular, {f + fy}n C Qp and
converges to f in LP(dm).
O

Theorem 1.4.7. Suppose that Cap(E) < oo and p € (1,+00). Then, there ezists a

unique fF € LE (dm) such that Kf¥ > 1 g.e. on E and Cap(E) = HfEHiP(dm)'

Such fF is called the equilibrium function.

Proof. @Lp(dm) is closed (obviously) and convex in L% (dm), since if ¢ € [0,1] and
fi,f2 € @Lp(dm), then for all zx € F

K(th + (1= )f2) (@) = t K f1(2) +(1 — ) K fal) > 1.
>1 >1

Since LP(dm) is uniformly convex for p € (1,400), the assertion follows directly by
Theorem [1.3.5] O
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1.5 Another digression on trees

1.5.1 The metric on a tree

Consider a general rooted tree T = (V(T'), E(T")) with root-edge w such that for all
z e V(T)

card({a € E(T) : x is endpoint of a}) < 00.

We write T' = (T,w). General trees like these may not be finite, in the which case the
definition of 0T as the set of the leaves of T' is not satisfactory and must be modified.

First, we define a sort of "euclidean" metric on V(T) as follows: to each o € E(T")
we associate the number 2-4€(@):0()) —. 9=lel=1 " where

d(z,y) = card({a € [z, 4]}), (1.5)

[z,y] denoting a path connecting x to y which contains the less number of edges as
possible.

Definition 1.5.1 (Distance on V/(T')). Forallz,y € V(T) set p(2,y) 1= >_ ey 9—lal-1

Remark 1.5.2. p is a metric on V(T') and p(z,y) < 1 for all z,y € V(T).

Once a metric is defined, one can consider the completion T of V(T) with respect
to p. Clearly, we can write T = V(T) U [T \ V(T)]. This latest set contains the points
of T which are interpreted as "leaves at infinity", in the sense that they are represented
by paths starting from b(w) and containing infinite edges.

Then,

T =0,T :={x cV(T) : zisaleaf and x # b(w)} U (T \ V(T)).

In most applications either T\ V(T') = @ (that is, T is a finite tree) or 9T = T\V(T)
(T is a tree with no leaves other than b(w)).

If ¢ € T\ V(T), we set [(,b(w)] = {edges in the line (}.
For z,y € V(T), their confluent z Ay € V(T) is the vertex defined by

[b(w), z] N [b(w), y] = [b(w),z Ay].

in the case in which z = (,y = ¢’ € T\ V(T), then the confluent ¢ A ¢’ of ¢ and (' is
defined by the relation

[b(w), I N [b(w), ¢] = [b(w), ¢ AL

Remark 1.5.3. We provide two models that represents a rooted dyadic tree T and its
boundary 9T
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Figure 1.15: The first model of rooted dyadic tree (on the left).

Figure 1.16: The second model of rooted dyadic tree (on the right).

. The first model is that represented in figure In this model, each ¢ € T\V(T)
is interpreted as a path joining b(w) to a point z(¢) € [0, 1] and the lengths of all
the edges are given by 2~ for some N > 0.

We see that this model is not topologically faithful. In fact, even if every such
element ¢ is uniquely associated to a sequence of {w} x {0, 1}, there are points
of [0, 1] that "are the endpoints" of some ¢; and (s for {; # (2. For instance, 1/2
"is the endpoint" of

(1 =(w,1,0,0,...) and (2= (w,0,1,1,1,...),

where the sequences are defined as follows: starting from the vertex w, we assign
to the sequence the values 0 and 1 depending on whether we move to the left or
to the right. For instance, the first sequence means: at b(w) choose the right edge,
at the end of it choose the left edge, and so on.

Clearly, following the two paths, the "reached point" will be 1/2. However, the

two boundary points do not have distance 0.

. The second model of the rooted dyadic tree 71" is obtained via the Cantor set C' (see
figure [1.16]). With this representation, it is possible to associate to each ¢ € 9T a
point ¢(¢) € C via a homeomorphism.
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1.5.2 The capacity of a rooted tree

Consider (T,w) any rooted tree. We defined a metric space associated to T', that is
X = (T,p). Take M = (E(T),0) as a measure space, where 0 : a € E(T) — o(a) >0
is the measure on E(7T'). For instance, in Remark 1., we put o(a) = 27V if a was
an edge of the N-th generation. Put

1 if o€ b(w),z],

0 otherwise.

K(z,a) = X[p(w) ) (@) = {
Then, for all f: E(T) — [0, +00),

Kf(x)= Y fl@o(a).

a€b(w),z]

If 1 > 0 is a Borel measure on (T, p),

Kp(a) :== p(S(a)),

where S(«) is the set of all the vertices and the boundary points of 7' that are < «
(roughly speaking, the x € 0T that are below a with a € [b(w), z]).
Let E C T. In this framework, for some p € (1, +0c0),

Cap(E mf{ Z fla cf20, Y fla)o(a) =1 ver}

a€E(T a€lb(w),z]

1.5.3 A digression on hyperbolic geometry

On the complex unit disk D := {# € C : |z| < 1} we can define two metrics:
the euclidean metric, having ds? = |dz|?, and the hyperbolic metric, characterized by
dps® = 4(1‘ ‘Z|| 7z - In this section, we give an idea of why this two metrics are somehow

related to measures on rooted dyadic trees.
The euclidean length of a smooth curve v : [0,1] — D is defined by:

awzlwaafwww,

while its hyperbolic length is given by

[ 2t 2Bl
&W_Alwﬂ‘él—wwﬂt

The geodesics on D with respect to the euclidean metric are segments joining two of its
points, while the hyperbolic geodesics are represented in figure [I.17]
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Figure 1.17: The geodesics of the unit disk with respect to the hyperbolic metric are
arcs of euclidean circles orthogonal to the boundary of D or its diameters.

Remark 1.5.4. Observe that euclidean geodesics of D have always finite length, while
the same is not true in the hyperbolic setting. To see this, consider the segment ~(t) = ¢
for ¢ € [0,1], which corresponds to the radius of D that lies on the positive real axis.
Clearly, () = 1, while £,(y) = +oco. This is due to the singularity that dss? has in
correspondence of 9DD.

Consider a rooted dyadic tree. Metaphorically, the measure o(a) = 1 for all a €
E(T) corresponds to the hyperbolic metric on D, while the measure o(a) = 271%=1
defined in the previous paragraphs, corresponds to the euclidean measure on the disc.
Figure shows how D is a model for the rooted dyadic tree in this context.

1—1r

Origin

e
\J

Y

[TTIT1T1.,.

Figure 1.18: The tiling of the rectangle on the left is represented on the unit disk. On
the other hand, the unit disk on the right is represented as the rectangle on the left.
Observe that euclidean balls on the right become segments on the left.
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1.5.4 An example of minimizing function that does not belong to Qg

It may happen that the minimizing function f belongs to @Lp(dm) \ Q. For instance,
take the infinite rooted trivial tree of figure [[.19] whose boundary is given by one line,
say 0T = {[b(w), z]}. Choose p =2 and o(«) =1 for all a € E(T).

Figure 1.19: The infinite rooted trivial tree.

Clearly, for all N > 0 the functions

+ if0<j<N,

define non-negative sequences of £2(IN) and 2 acb(w)q] [n(a) =1 for all N > 0. There-
fore, f contributes to the calculation of Cap(9T'). In particular, for all N > 0,

N—-1 1 1
2 _ _ 1
> fv@)?= Z NN vor O
aelb(@),1] i=

which means that Cap(0T) = 0. However, the only non-negative sequence g(a) such

that >~ cipw) 0] g(a)? = 0 is the zero sequence, that cannot be admissible for the calcula-

tion of Cap(9T), since it does not satisfy 3, c pry g(a) > 1. Observe that fy o 0.
—+00

In particular, the minimizer 0 belongs to QaTLp(dm) \ Qar

1.6 The problem of capacitability

In the previous sections, we proved the outer regularity of Cap. As far as the inner
regularity is concerned, however, it happens that its validity is far more subtle and it is
not always holding.

Definition 1.6.1 (Capacitable sets). A subset £ C X is called capacitable if Cap(FE)
is inner regular, that is if

Cap(F) = sup {C’ap(K) : KCE, K compact}.

Theorem 1.6.2 (Choquet). Suppose that (X, p) is a locally compact, separable, com-
plete metric space. Let C : P(X) — [0, 400] be such that
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(a) C(@) =0;
(b)) ECF = C(E) < C(F);

(¢) if {K;}; are compact subsets such that K1 2 Ky 2 K3 2 ... and K := (; K;
then C(K;) \, C(K) as j — 400;

(d) ElgEggEgg...,E:UjEj :>C(E])/(O(E) asj—>—|—oo.

Then, for all the Borel subsets E C X,
C(E) = sup {C’(K) : KCE, K compact}.

We check that Cap satisfies all the assumptions of Theorem[1.6.2} (a) and (b) have
been already proved in the previous sections. To prove (c), let K; and K be as in
Theorem [1.6.2] (c). Let U be open and such that K C U, then

K; U Yj=jo

for some jo. In fact, U UJ3Z,(X \ Kj;) is an open cover of K1, so that there exists
N > 0 such that K; C Ky CUU(X \ K1)U...U(X \ Ky) (for all j). In particular,
for all j > jo = N it must be K; C U.
Thus, for all j > j
Cap(K) < Cap(K;) < Cap(U)

and (c) follows taking the infimum on the open sets containing K (and, thus K for all
j = Jo for some jo = jo(U)).

To prove (d) we use Lemma [1.3.6]

Proposition 1.6.3. Cap satisfies Theorem[1.6.9 (d). Moreover, if Cap(E) < oo, then
15 L2 (dm)
Jj—4oo

Proof. 1f sup,; Cap(Ej) = 400, then

lim Cap(E;) = sup Cap(E;) = +o0,

J—r+oo j
since {Cap(FE};)}; is an unbounded non-decreasing sequence of real numbers. On the
other hand, by subadditivity Cap(E) > Cap(E;) for all j, so that Cap(E) = +o0o0 and
the assertion follows.

Also, if sup; Cap(Ej) = 0, then for all j there exists f; € LP(dm) such that
||fjHLp(dm) < 277 with f(z) = +oo for all # € E;. Then, the function f = il
satisfies || fll po(am) < 22; 1fill £o(gmy = 1 and f(z) = +o0 on B = U; £, which means
that Cap(E) = 0.
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Finally, suppose that 0 < sup; Cap(E;) < oo. For all j > k, since E, C Ej,
- E.; -
K fFi > 1 q.e. on Ej. By the convexity of QEkLp(dm), % € Qg Lp(dm), so that:

k

Cap(Ey) < /M (W)pdm. (1.6)

Cap(Ey) PR A :=sup{Cap(E;) : Il > 1} < oo and the convergence is granted as we
——+00

are taking the limit of a non-decreasing sequence of real numbers. On the other hand,
[y (FEPdm, [,,(fF¥)Pdm < A since the two integrals equal Cap(E;) and Cap(Ey)
respectively (which are < A by subadditivity). By Jensen’s inequality applied to (1.6])

lim = A.
J,k——+o00

LP(dm)

Also, by the definitions of the functions £, lim;_, o Hf HLP (dm) = =lim;_ o0 Cap(Ej) =
A. Therefore, the assumptions of Lemma [1.3.6] are verified and we conclude that there
exists g € LP(dm) such that lim;_, o f% = g in LP(dm). Since each fFi belongs to

@Lp(d m) their limit is itself an element of €2 EL (dm) , hence g € Q) EL (dm) . This means
that Kg 2 1 q.e. on F, so that
o E;||P
Cap(E) < 9y = N[ £} gy = lim_Cap(Ey). (17

On the other hand, by subadditivity Cap(E) > Cap(E;) for all j. Hence,
lim Cap(E;) = Cap(FE).

J—+0o0

Plugging this into , we find that Hg||Lp dm) = Cap(FE), but the minimizer is unique,
so that g = f¥ in Lp(dm) O

Hence, under the hypothesis on X of Theorem Cap is inner regular.

1.7 Capacity and potentials via measures

Theorem 1.7.1 (Min/max). Let U be a topological vector space and V' be a vector space.
Let X C U be convex and compact and Y C V' be convex. Let f: X x Y — (—00, +00]
be such that f(-,y) is convex and LSC for ally € Y and f(x,-) is concave. Then,

miy zlelgf(x, y) = sup min f(z,y).
Remark 1.7.2. The concavity assumption on f is fundamental for this theorem to hold.
In fact, the function f(z,y) = (z—y)? defined on [0, 1] x [0, 1] satisfies all the hypothesis
of Theorem but the concavity of f(x,-) for all € [0,1]. For this function, one

has )
2 2

min sup (z —y)° = min max{z", (1 —z = -,

z€[0,1] y¢[o, 1]( ) z€[0,1] { 3 ) 2
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while
2

sup min (x —y)* = sup 0=0.
yel0,1] z€[0,1] y€[0,1]
We apply the min/max theorem to the following situation: consider 1 < p < +00

and K C X a compact. Let

X = {MEM+(K) D uw(K) = 1}

equipped with the weak-* topology. Since convex combinations of measures of X are still
measures of X', it follows easily that X" is convex. It is also compact, in fact if {y;}; C X
is bounded then, by Banach-Alaoglu theorem, there exists a subsequence {1, }1 such

that 1, i  for some measure u € My (X). Since, by weak-* convergence,

k—4o00
1

@ € X. This proves the compactness of X.
Consider the convex set [

—{rethdm) 1l < 1)

and take f(u, f) = E(y; f) defined as in Proposition[I.4.1] (iii). Recall that this function
is LSC with respect to its p variable and it is linear Wlth respect to both its variables,
that implies its convexity and concavity.

Then, by Theorem [I.7.1] we have

mlnsupé’(,u, f) =supmin&(u; f).
KEX fcy fey nex

We use this fact to prove the following result.
Theorem 1.7.3. If K C X is compact, then

_ PP

Cap(K) = sup {E(M)p_l

(1.8) is called the dual definition of capacity.
Before proving this result, we observe that for all f € Qg (recall that this means
that f € LY (dm) with K f(z )>10nK) since Kf >0 on X,

/Kf Jaju(z /Kf Jaju(z /f VK pla)dm(a) <

D >0, supp(u) C K} (1.8)

1/p’
<Nl e amy (/M(Ku(a))p dm(a)) = £l oy EGM7,
by Holder’s inequality. Taking the infimum over such functions f, we get

K) < Cap(K)/PE(u) 7. (1.9)

?Recall that the closed unit ball of LP(dm) is convex, so that also its intersection with {f > 0} is
convex.
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Proof of Theorem[I.7.3. With the notation above, by duality

sup &(s; | —sup/°f V& p(a)dm(a) =
fey fey

so that, since K p is homogeneous of degree 1

i E(p f) = min || Kpl| = E(MP = min &)V =
min sup (13 f) gfg;gH Pl 2ot (army (0= min & (1) Lo (1)
K)=1
7” “”Lp (dm)) HK)
e < umw”p
= min = max — ;
peMi(K)  pu(K) peM(K) E(p)P
(1.10)
where we used the defining relation between p’ and p.
On the other hand, consider
E = mi K d . 1.11
min (s /) = min [ K f(e)du(a) (1.11)

Observe that for all p € X, we have

[ Kt@au) > [ Kf@aut) > mip Kfa) - () = min 55 (2)

zeK

where we used the non-negativity of K f(x) and u, together with the fact that K f has
a minimum on the compact K by Proposition [I.1.3] (iii). Moreover, if z¢ is such a
minimum, then d,, € X and

/ K [ (@), (x) = K J(a0) = min K f(2),
X e

so that
min/ Kf(x)du(x) = Hél% K f(x).

neX Jx

For this reason, we have

mingcx K f(z 1

supggné'(u i f) = supgrcréanf( xr)= sup H;ﬁ (z) =- v

fey fey fELY (dm) LP(dm) inf FELE (dm) e < K1)
_ 1 _ 1
inf{ 1oy = £ =0, Kf(@) > 1V e K} Cap(E)VP

(1.12)

and the assertion follows using Theorem ({1.7.1]) on ((1.10) and comparing it with (1.12)).
O

3This implies that €(u) is homogeneous of degree p’ by the very definition of &(u).
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Corollary 1.7.4. If E C X is capacitable, then

_ p(E)P
CaopB) =" b g1

supp(u)CE

Proof. Just use the previous theorem and the inner regularity of Cap(FE):

n(E)P p(K)P
sup = sup ————~——= sup Cap(K)=Cap(FE).
p>0  E(u)Pt kce E(upPt KCE (K) &)
supp(u)CE K compact K compact

O

Theorem 1.7.5. Let K C X be compact and 1 < p < co. Then, there exists a unique
pf € Mo (K) such that

(i) f* = (EpF )P

(ii) the following identities hold:

Cap(I) = p (K) = /

M(fK)pdm_/M(KIU’K)pldm_g(:uK)_/XV“KdMK

where we recall that V" = K (K )P’ 1.

Proof. By Theorem , there exists {p;}; € M4 (K) such that HK“J'HLP’(dm) =1Vj
and p;(K) = Cap(K)Y/P. This last convergence gives the boundedness of {1},
j—+oo

so that p; % € M4 (K) up to subsequences, by Banach-Alaoglu theorem.
Jj—+oo
By Theorem [1.4.1] (ii) and by the definition of £(u), we have

. . hg hg 1 /
U= timind [ Kpssl| gy 2 (K80 ot iy = €GP (1.13)
and, by weak convergence,
u(K) :/ dp = lim dpj = lim pi(K) = Cap(K)'/?. (1.14)
K Jj—+o0 K J—>+oo
Putting things together,
K
Cap(K)'/? = u(K) < Lj
E(m)'/r

Since, the other inequality follows obviously by the dual definition of capacity, we have

p)?
E(up/r' E(up=t

Cap(K) =
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Observe that for all A > 0, (Au)(K) = X - u(K) obviously, while Ky is homogeneous of
degree A’ so that VA > 0
pU)P APp(K)P - () (K)P

Cap(K) = E(u)p1 - APE (pu)P1 - EAp)r—1t-

We claim that, up to choose A > 0 properly, we have Cap(K) = (Au)(K). This is true,
because by (1.14)), for A = Cap(K)"/?', we have

Cap(K) = Cap(K)'/PTP = Cap(K)'V Cap(K)'/P = Cap(K)'7 u(K)

and, for this value of A\, we also have £(Au) = (Ap)(K).
Let u® := Ap for such a A > 0 and suppose to know that K f% > 1 yf-ae. on K
El Then, by Hoélder’s inequality,

Cap(K) =y (5) = |

K

dp™ (z) < /

X

dp () < / (K £ () A () =

X
= [ @R @dm(e) < 7 iy

=Cap(K)¥/?P = C’ap(K)l/P/
= Cap(K)"?Cap(K)'? = Cap(K).

KNKHLP’(dm) -

Hence, Holder’s inequality is actually an equality, but this can be possible if and only
if (fK) = (z- K(uX))* m-a.e. on M for some constant c. Since the integrals of these
functions are both equal to Cap(K), it must be ¢ = 1 and both (i) and (ii) follow.

It remains to prove that K f% > 1 pf-a.e. on K. For, consider S = {z : Kf¥(z) <
1}, which is a Borel set, and take F' C S compact, then

(1.9)

W) < Cap(F)PEGS|p) Y =0 (1.15)

since F¥ C S. But S is a Borel set, because of the lower semicontinuity of K f, and

pf is a Borel measure (hence, inner regular), so that uf(S) = sup{u®(F) : F C

S, F compact} = 0 and the assertion follows. O
This theorem extends to any F C X under further assumptions on M, X and K:
Theorem 1.7.6. Suppose that
(a) M is locally compact and m is a Borel measure on M ;
(b) for all f € CL(M), Kf € Co(X).

Let E C X sych that Cap(E) < oo. Then, there exists a unique measure uw? with
supp(u?) C E such that ¥ = (KuP)Y'='. Moreover, Kf¥ > 1 qe. on E and
KfE(z) <1 for all € supp(p®).

4We only know that K f% > 1 q.e. on K, which is a weaker condition.
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1.8 Dyadic Riesz-Bessel potentials

In this section, we compare the definitions of capacity of compacts subsets of the bound-
ary of a dyadic tree provided by different choices of kernels.
Recalling the definition of d(z,y) as given in ([1.5)), consider the measure m on 90T
defined by
m(98(a)) := e~ b)),

With the notation we introduced previously, let X = M = 0T, with metric on X given
by p(z,y) = 2~ d(=/y:0) and measure on M given by m. Fixed a parameter s € (0,1),
define the kernel K, : 0T x 0T — [0, +0o0] as

1

p(z,y)s

Ks(z,y) :=

Denote with Qaps the capacity of a compact subset K C 90T with these choices of X,
M and K, explicitly:

Qaps(K) = Sup{ = : supp(p) € K}

fn = [ pane) = [ ([ BN e g

The exponent p = 2 is chosen in order to calculate the approximate behavior of gs(,u)
easier: proceeding from (|1.16|):

SN du(y) du(z) 4oy

&) = /8T /8T p(r,y)* /8T P(xaz)sd (@)
_ B dm(x) (1.17)
= [ Lptntante) [ S

Does not depend on pu.

where

We evaluate explicitly the last integral, which only depends on the quantities defining
the geometry of 0T. We divide the calculation into three cases.

1. To each vertex t such that e(w) <t < zAy corresponds those elements of 9T that
"can be reached" by a line through t. Let E;; denote the set of these boundary
points and let 1 = x1(t) € E1; be one of these paths. It is clear that in this
situation t = y A z1 = z A 1 and for some C > 0,

m(Ey ) = C - 2740) x 9= M

where, in fact, ~ means that the equality holds up to some multiplying constant.
Since

p(x1,9)* = p(x1,2)* =275,
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the contribution of E1; to the integral [, e dm(z)

@) pwg) is approximately given by

m(Ery) 27 e

p(x1,2)*p(xr,y)s — 272l

Therefore, the total contribution of e(w)<t<zAy E1 4 to the integral above is ap-

proximately
1 if0<s<1/2,
ST 2@l & LAy if s=1/2, = Hs(zy). (118
e(w)<t<zAy 2(25—1)\2’/\31\ if 1/2 <s<1

Observe that Hy = Hs(z A y).

2. Next, we consider all the points of 0T that corresponds to lines containing any
vertex ¢ such that z Ay <t < 2. Let Fy; denote the set of these boundary points
and x9 € Eo;. As before,

m(Eqt) ~ 21t

while this time z2 A 2 =t and 22 Ay = z Ay, so that the contribution that Es;

gives to integral is approximately Wilzm and the total contribution that

U. Ay<t<z Es+ gives to the integral is approxmiately

it
3 — ol 3 -9l g (-9lelgslanal
—s|t| . 9—s|zA
2AYy<t<z 2 (il 2 slengl 2AYy<t<z (119)
— 2(2371)|z/\y|’

which can be approximated further as in ((1.18]).

3. The same argument as above proves that the same estimates holds for the bound-
ary points in Es3, the subset of 9T related to the vertices t satisfying zAy <t < y.
Therefore, the total contribution of these boundary points to the integral is ap-

proximately given by ((1.19)).
To proceed the calculation from ([1.17]), we divide the three cases:

e if 0 <5< 1/2, then

£, R . z) = 2,
Es(p) ~/8T/8T1 du(y)du(z) = p(0T)

This case is not very interesting, because if K C 9T is any compact subset of 0T,
then, using the calculation above for measures p supported in K, one gets

2 2
Coptr€) = sup {50+ suppt) € K} s {40555+ suppla) € K} = 1.

i.e. all the non-empty compact subsets K of 9T have finite non-zero capacity.
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o If s =1/2, then

& / / 2 AN yldu(y)du(z / / 1du(y)du(
1/2 oT 8T‘ ‘ oT JoT Z )

a€lo,zAy]

. / / SR I R SVICE

a€lo,zN\y] a€lo,zNAy]
o If 1/2 < s <1, then

Esw~ Y 27 05(a)*.

a€lo,z/N\y]

The calculation above refers to the case in which X = M = 0T with metric p and
measure m defined as at the beginning of this section and potential given by K(x,y) =
p(x,y)~% (s € (0,1)). But we introduced another potential theory on 97" for p = 2, that
is the one given by X = 0T as before, M = E(T) with measure o = o(«) and potential
H: (z,a) € X x M — H(z,a) € {0,1} given by

H(%a):X[o,w}(a):{l i““e[o’x]?:{l if2 € 0(5()),

0 if a¢o,x] 0 otherwise

Recall that in this case, for each function f: M — [0, +00] and measure g on X

Y fl@)(a)

a€lo,x]

Hp(a) = p(95(e))
and
Ew= Y Hw)iola)= Y uds))(a).
Clearly, £(p) ~ E(p) for o(a) = 22s=Dlal g0 that for all s € (0,1)

Cap(K) =~ Qaps(K)

for all K C 0T compact. In conclusion, the definitions of capacity provided by the two
different kernels, have the same behavior on compact subsets.
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Chapter 2

Potential theory on trees

In the previous chapters we used dyadic trees as examples for discrete potential theory.
In this chapter, we go further into potential theory of rooted trees, with the notation
previously introduced.

2.1 Recap

In this section, we recall potential theory for rooted dyadic trees, recalling the main
facts we saw for general rooted trees. Let 1 < p < oo and T be any rooted tree.

Let X = (9T, p) be the metric space 9T with distance p and M = (E(T'), o) be the
measure space of the edges of T with measure o. Here, T is defined exactly as in the
dyadic case, in the obvious way.

We can define a potential on X x M as always: let w be the root of T" and 0 = b(w),
we define for all z € 9T and o € E(T),

K(z,0) := X[oq (@) = Xos(a)(T) =

{1 if a € Jo, z],

0 otherwise.

Under this definition,

Kf@)= Y. fla)o(a) and Ku(a)=p(dS(a))

a€lo,r]
for all f € ¢% (o) and for all u € M4 (9T). We also defined
S = [ (Elde= 3 p(0S(@)a(a)
M a€E(T)

the energy and

Vi) = K(Kp)’Nz) = Y (Kp)'Ha)o(a)= Y w(@S(@)"'o(a)

a€lo,z] a€lo,x]
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the potential. Then, the capacity of a compact subset K C 0T is defined as

C’ap(K):inf{HfHe;jr(g) : Kf(x) > 1 for all:rEK}:

p(K)P
E(pP=t

pe M+(K)}.

= max{

We also know that we can associate to any subset E C 9T a measure u” € M (E),
called the equilibrium measure, with the property that the function

FE(a) = (KPP " () = [nF(0S(a))]" "

satisfies
HfEHEﬁ(G) = inf{ ||f||£ﬁ(a) : Kf(z) > 1 for quasi all x € K}

Moreover,

Cap(B) = (B) = £u) = [ V¥ (@)du®(z)
and VA" (z) < 1 for all z € supp(uf), while G (x) > 1 quasi-everywhere on E.

We conclude this section with a couple of remarks in the form of two propositions:
Proposition 2.1.1. V** <1 on T =0T U V(T).
Proposition 2.1.2. V*" <1 on T\ E.

Proof. Seeking a contradiction, let z € supp(u¥) be such that p¥(z) = 1. If we set
y = x Asupp(i”) to be the vertex in [o, ] closest to = such that pu(S(ay)) > 0, where

o is the only edge such that y = e(ay), then V4" (y) = VA" (z) = 1. Hence, for all
w <y, V** (w) > 1, which contradicts Proposition [2.1.1 O

2.2 p-harmonicity for potentials

The potential V# associated to a positive measure p is defined by

V@) = Y p(0S(a)” o(a),
a€lo,z]
If i is a bounded Borel signed measure on 97', on the other hand, we set

Vi) = Y o(a)u(dS(a) - [n(@S(a) .

a€lo,x]

In any case, we set f*(a) := o(a)u(dS(a)) - |(dS(a))[?' =2 and t?~1 =t - [t|P~2. Tt is
easy to see that f* is equivalently defined by u(9S(a)) = f*(a) - |f*(a)|P~2.
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Let B8; (j =1,...,N) be the edges having b(8;) = e(a). Clearly,

N
p(0S(e)) = u(@S(8;)) (2.1)
j=1
and implies N
PRI (@)= = B ()P, (2:2)
j=1
Also, it is clear by the definition of V# that
fHa)o(a) = VF(e(a)) = VH(b(a)). (2.3)

Plugging (2.3) into (2.2)), and using the definition of tP~! given above, we get the
p-harmonic equation with weight o on T for the potential V#:

VE(e(a)) = VEB)\* ™ o (VEe(8;) — VE(5)) "
() = ()

=1

We focus on the case p = 2 and proceed with the calculation:

VH(e(a)) — V*(b(a)) i VE(e(8;) — VH(b(B;))

o () =~ o(8;) (b(8)=e(e)
L vr(e(y) — VF(ela)
B ; a(B;)

Rearranging:

Set x := e(a), write y ~ z if [z,y] € E(T) and define

oty
Sea! fo(lz,2)

c(x,y) = 1 and equation (2.4) reads as a mean-value property:

VE@) = oz, y)V*(y). (2.5)
Yy~T
Equation (2.5)) can be also written as follows:
Ar Vi) =Y elx,y)[V*(y) - V*(z)] = 0.

Yy~

c(x,y) =

Then,

y~z
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Since the operator Ar, is a discrete Laplace operator, this latest relation tells that
V# is harmonic with respect to Ar.

In the following tabular, we compare the whole theory on T with the variational cal-
culus on appropriate subsets of R™ (for instance, balls) stressing the functionals involved.

R Tn
Awu = 0, that is the Euler-Lagrange Arcu =0, that is the Euler-Lagrange
p=2 equation associated to the equation associated to the functional
functional [ [Vul S ae prglu(e(@) — u(b(@)Po(a)
The function that minimizes the energy In this case, the functional is
p# 2 functional [ |VulP satisfies Yacrmylule(@)) = u(b(a))Po(a)
div[Vu|VulP~1] =0

2.3 A recursive relation

In this section we prove the following recursive relation for the capacity of a given rooted
tree (T,w). Referring to figure if aq,...,an are the edges such that b(«;) = e(w)
(j=1,...,N), E=0T and E; = 05(¢; ), then

N .
Cap.,(E) = ijl Capa, (Ej) — (2.6)

o) (3 Core, 2)” |

Figure 2.1

Observe that we already proved (2.6)) for p = 2, 0 = 1 and T = T the rooted dyadic

tree.
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To prove , let = p¥. Then, for quasi-every z € E,
1=V¥@)= > o(@udS@) ' =ow) @D + > ol@)pdS@)”

a€lo,x] ~ Capu, (E)p/_l a€le(w),]
that gives
1 - o0(w)Capu (B = Y o(a)u(dS(a) ",
a€le(w),x]
Therefore,
1= Y o) 1108 (ax)) S
a€le(w),z] [1 — o(w)Capy,(E)P ]
It is easy to see that for all j = 1,..., N, the measure :“|8S(aj) . [1_U(w)Cap1(E)P/*1]p71 i

the equilibrium measure for Cap,; (E;), so that

Capa, (Ej) = pPi(E;) = 1(E;)
p]( ) = ™ (Ej) [1—J(W)Capw(E)p/71]p71

and, summing on 7,

N
N p(E)
2o ) = O Can By 0

j=1
The assertion follows inverting (2.7)).

We apply the recursive formula in two situations:

Example 2.3.1. (1) Let 0 = 1 and Ty be the infinite N-adic tree with N > 2,
that is the infinite tree such that every vertex x is endpoint of exactly N + 1

edges. Let ai,...,ay be the edges such that b(a;) = e(w). It is clear that
Cap,(0TN) = Capa,;(0S(ay)) for all j =1,..., N, so that (2.6) becomes

N - Cap,(0TN)

Cap,(0TnN) = — T
(14 () (N - Capa(0T)" ]

Solving the equation for Cap,, (0T ), we get
(Nt
N .
Example 2.3.2. Take the dyadic case, N = 2, with p = 2. Then, Cap,,(0T2) = %

Cap,(0TN) =

(2) Next, consider a finite N-adic tree of depth M, say Ty ar. Let C(k) := Capo(05(a)),
where « is an edge at level k. Then,

1 if k=0,
C(k) = N-C(k—1)

[14+(N-C(k—1))' =17 otherwise.
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2.4 Desymmetrization

Consider the infinite rooted dyadic tree T = T and think of 9T as 0D =T = {z €
C : |z| = 1}. In this framework, for a given E C 9T, the expression v/ E makes sense
and define a rescaled version of E. Therefore, let EE C T and consider its two rescaled
copies By := +VE C 9S(ax), where ay are the edges such that b(as) = e(w) (see

figure . Clearly,
|E| = [E4|+ [E_].

However, by the recursive formula and using the fact that Cap,,(E) = Capa, (E+), we
have:
Cap,, (E4) + Cap,_(E_) 2Cap,(F)

)= — >
Cap,(E; UE-) 14+ Capy,, (E4) + Cap,_(E-) 142Cap,(E) — Capu(B).

where we used the fact that Cap,,(F) < Cap,(9T) = 1/2, and % >tif 0<t<1/2,

which is the case.

E.

Figure 2.2: The definitions of £ and E_ as subsets of 9D and of T5 respectively.
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Chapter 3

Trace 1nequalities

In the classical Sobolev spaces theory, fixed 1 < p < 0o, one defines
WHPR") i= {u € Li(R?) + ullfyn, = [l + [ Vullp < oo},

where Vu is the weak gradient of u. Given a submanifold L of dimension m < n, the
trace of u € W1 is the function Tr(u) such that

/L Tr(u)PdH™ < Jull?.

where dH" denotes the Hausdorff measure on L, and the question is characterizing all
the measures p > 0 such that
ul” < flullp -
/ ;

Now, in the framework of rooted trees, the equivalent problem goes as follows: one
fixes 1 < p < oo and takes as usual X = T and M = (E(T),0), where (T,w) is a
given rooted tree. The question becomes characterizing all measures u > 0 such that
Vo : E(T) — [0,400),

/T (I(po)Pdu < Y

pP(a)o(a), (3.1)
a€E(T)

where I(p0)(2) = _,cjo,0) ()0 (). The minimal constant under which (3.1) holds is
denoted with [u] and inequality (3.1]) is called the weighted Hardy inequality.

3.1 Geometric characterization of [1]

We give a geometric characterization of [p] that involves both capacity and p. Set [u].
as the smallest positive constant such that

N N
p | LS | < Cap | L] S() (32)
j=1

j=1
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holds for any choice of a,...,an € E(T) (N € IN4).

To prove the main result of this section, we need a strong capacity inequality.

Proposition 3.1.1 (Strong capacity inequality). For all f >0 on E(T),

+ZOO 2kP Clap ({:L‘ : If(x) ZZk}) Z P (3.3)

k=—o00 aEE(T
for some C(p) > 1.
Proof. For all k € Z, set
Qp = {x : If(z) = Z flo) > 2’“}.
a€lo,x]

Clearly, since I f is non-decreasing, Q11 C ;. We only prove the assertion in the case
in which the inclusions are all strict. For, define f := f - xq,\q,,,- Let z € O and
y € Q41 and consider the geodesic from y to o = b(w) through a, = [P(x), |, being
P(x) the only vertex such that o, € E(T). Then,

Ifiy) = > fla)=1If(y)—If(P(z)) > 2H+" — 2k = ok,

a€[P(z),y]

Hence, 27% f;, is admissible for the calculation of Cap(€41), in particular:

Cap(Qer) < D @7 fl(m(@) =20 Y @ "V f)P(a)m(a),

a€Qp\ Q41 a€Q\ Q41

which gives Cap(wy) < 2P Zaer\Qk,l(2_kfk)p(a)77(a)- Hence,

400 +oo
S @) <2 Y Y Al =2 Y fa)fra).
k=—o00 k=—00 a€Qf_1\Q% acE(T)

Theorem 3.1.2. Suppose that p satisfies (3.4). Then, [u] ~ 1.

Proof. We first prove that [u]. < [u], for we check that the inequality (3.2]) holds with
(1] as a constant. Let £ C OT. Recall that, in this setting,

Cap(FE mf{Zgopa : )>1on E}
and change the notation as follows: set ¢ := o and 7 := ¢'7P, so that pPo =
(go~1)Po = gPo'™P = gPr and

Cap(FE mf{ngw : )>1on E}
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Next, we consider f := fl—lj‘vzl 5(23) the q.e. minimizer of Cap(E). Then, (If)||_|

1 and, therefore,

N N
| ]S < /T (fydp < (1Y for = uCap | | | S(ay)
=1

(8.1 a j=1

O‘J) B

This proves that [u]. < [¢]. We need to check the other inequality up-to-some-constant.

For, we use :
/(If pd,u<2 (2k+1) p({x : 2k<If(x)<2k+1}> SQ”ZQ’WM ({x : If(:L‘)ZQk}> <
< 27[u ZC’ap ({ : f(x)ZZk}) < W2Cw pr

where we used the fact that the sets {z : If(z) > 2*} have form |_|§V:1 S(aj), since If
is non-decreasing. The assertion follows by the minimality of [u]. O]

Remark 3.1.3. Inequality (3.2]) bears advantages and disadvantages. In fact, while the
measure £ appears on the left hand-side of (3.2) only, the sets |_|j S(a;) appearing on
the right hand-side are usually too complicated for an explicit calculation of capacity.

3.2 Mass-energy characterization

In this section, we characterize [p] in terms of the minimal constant with respect to
which the inequality

> (S r(B) < u(S(a) (3.4)

B<a

holds for all @ € E(T). Let this constant be [u]f’; 761. The left hand-side of |D
represents a form of local energy for S(«), while the right hand-side represents its
local mass.

Remark 3.2.1. Inequality (3.4]) bears advantages and disadvantages as well as (3.2). In
fact, S(a)) appears in (3.4 for one « only, but p appears at both of its sides.

Theorem 3.2.2. [p] = [1], /e

To prove this theorem, we need some property of the maximal function, defined for
all g : E(T) — R by

1
= _ dp.

Proposition 3.2.3. For all g,h : E(T) — R measurable,
(1) My(cg) =cMy(g) for all ¢ > 0;
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(1i) My(g+h) < Mu(g) + My(h).

The following version of Marcinkiewicz interpolation theorem is used to study the
boundedness properties of M, in this framework:

Theorem 3.2.4. Let T : L}(X) + L>®(X) — LY(Y) + L*>®(Y) be a 1-homogeneous and
subadditive operator such that, for some C1,Cy > 0,

(@) 1Tgll vy < Coollgll oo (xy for all g € L*(X) (strong-type (00, 00) operator);

(b) tu{y = Tgly) > t}) < Cillgllprx) for allt > 0 and all g € LY(X) (weak-type
(1,1) operator).

Then, for all1 < p < oo, T : LP(X) — LP(Y) is bounded with |T|| o x)—ro(y) <
(2” p ) /pcl/pcl/p

p—1

Proof. Observe that, as a consequence of Fubini’s theorem, for all p € (1, +00) and all
ferLr@®), |fIb —pf+°°tp Yz« |f(x)] > t})dt. In fact,

too +00 £ (@)
P / e | f(@)] > t})dt =p / / dudt = / / pt?~dtdp =
0 0 x| f(z)|>t} " J0

- / @)= |72
Rn

Each function h € LP(X) can be decomposed into a sum h = hg+hy, where hy € LP(X)
and hy € L*°(X) as follows: for fixed ¢, > 0 to be chosen, define

Ag:={x € R" : |h(x)] >ct} and Ay ={xeR" : |h(z)| <ct},

then set hg := h-x4, and hy := h-x4,. In our case, T is a strong-type (00, 00) operator,
so that

HThIHLoo ) < Coo HhHLoo ) < Cooct =

if we choose ¢ = 5A—. Hence, in this case,

2C
" <{a¢ | Thi(z)] > ;}) ~0.

So, choosing ¢ = using the fact that {z : |Th| > t} C {x : |[Tho| > t/2} U {z :

1
20’
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|Thi| > t/2} and Tonelli’s theorem,

+o0
IThlg =p [ e IThG)] > )de <
0

Hoo t ¢
gp/ Pl (u ({m . |Tho(z)| > 2}) +p <{x 2 | Th(z)| > 2})) dt =

0

+o0 L t +oo
o[ (e > g )i < [T S ol de -

weak—(1,1) 0
—pc'o/ - 2/ |ho(@)|dp(z)dt = pCo/ - 2/ z)|dp(x
Ao

2Cins |1 ()|
= [ ) [ e tataute) = %/N)\Hp {du(e)

Therefore,

2=
1Tl < . C OSSP IRl xy »

which is the assertion. ]
We hit the proof of Theorem [3.2.2

Proof of Theorem[3.2.2. We use a duality argument. The condition [+(If)Pdu < [u] >, f(a)Pm(c)
is equivalent to the boundedness of I : £7(m) — LP(p) With [[1{[gp () 1o () = [14]'/P. Con-

sider the adjoint operator I* : L¥ (1) — ¢ (x'~P") with respect to the L2(yx) duality

pairing between LP(y) and L¥ (1) and to the ¢ duality pairing between 7 and ¢’

Then, for g : T — R, we claim that

I"g(a) = /S  9@Htz) (3.5)

holds. For, for all f € /P(r),

(I*g, o2 = (9, T ) o) = / ) > fl@du(z) = > fle) / g(z)dp(x) =

a€lo,z] a€lo,z] : aglo,z]}
= > s [ gl@dato)
a€lo,x] 5(a)

which is (3.5). By the theory of adjoint operators, we know that

I ]l/p = |1, HZP = HIzHLp’(u)ng’(ﬂl—p/)’

)= LP (i
so that inequality (3.1)) with constant [u] is equivalent to
> (o) n(@) <y [ gta) du) (36)

acE(T)
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for all g > 0. We write the left hand-side of (3.6|) as an average:

* p’ﬂ_ a 1—p’ _ I*g(CM) P a p'ﬂ_ o 1—p/
St s = 3 () M@ e,

where, using (3.5)), we recognize the maximal operator Mg, and prove the following
stronger inequality holds:

> Mug(@)? p(S(@) m(@)' = < [u)? _I/Tg(ﬂ:)p'du(fv)- (3.7)

Since is equivalent to the boundedness of M, : L¥ (u) — L (E(T),n), where
n(a) == p(S(a))P m(a)' ", we want to use Marcinkiewicz interpolation theorem on M,
with X = (T,u) and Y = (E(T),n). We check that M, satisfies all its assumptions.
For all h € L*°(u) and for all a € E(T),

Myh(a) = dp (|7l oo xy = 1Pl poo )

L / hdp < ma L /
- < max ————
o 1(S(8)) S(8) sza 1(S(B)) Js(s)
so that M, is bounded as an operator from L*(u) to £>°(n). It remains to check that

M,, is a weak-type (1, 1) operator.
Recall that, by the assumptions,

S uS@) R < [l (S (o),

BLa

take g € L'(u), g > 0 and ¢ > 0. For a1, as,... properly chosen with the property
1 .
1(S(e;)) fs(aj) gdu > t, we can write

{a : Mug(a)>t}=|j{oc : OéSOéj}7

j=1
=: Ba,
so that
tn({a - a) > t}) —th W) =t>_ Z(M(S(%)))p/*lﬂlw/(a)é
J ala;
S[u]fnfel BUCICICH m/e Z / . gdp < [p m/e / gdyp.
J J

Hence, M, is of weak-type (1,1) and, by Marchinkiewicz interpolation theorem, it is

also a bounded operator from L (1) to LY (E(T),n). In particular, . holds with
p/
m/e

bounding constant C’ < [u] This gives the assertion. O
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3.3 Applications to the Dirichlet space

Consider the following seminorm on Hol(ID; C), where D :={2€ C : |z| < 1}:

O O]

being dm the Lebesgue measure on D.

Definition 3.3.1. The Dirichlet space on D is the space of holomorphic functions on
D having finite their {-} seminorm:

D= {f € Hol(D;C) : {f} < oo}.
Remark 3.3.2. The Dirichlet space is a normed space under the norm

1£15 = {12+ [£(0)]*.

Remark 3.3.3. Let f € D with f = u+ iv, where u = R(f) and v = (f). Since the
Jacobian of f is
(up ouy\  (ux —vg
=)0 )

det(J f) = u? 4+ uj = |0 1> = | /',

has determinant given by

{f}? can be interpreted in terms of the area of f(D): {f}* = 1|f(D)| counting multi-
plicities [ﬂ
Remark 3.3.4. We denote with Aut(ID) the space of the automorphisms of D to itself,

which is completely characterized: if ¢ : D — D is such an automorphism, then there
exist a € D and ¢t € R such that

o(z) = et 22 (3.8)

1—az

These mappings are called M6bius maps and are all conformal mappings. We point
out some geometric properties of D regarding these maps.

(1) For all f € D and all ¢ € Aut(D), {fo¢}? = {f}>

(2) The hyperbolic metric ds? = (fﬂc‘lj"j)g on D is p-invariant for all ¢ € Aut(D):

2dp(z)  2|dz]?
L=lp(z)*  1—[z*

If f is not injective, f(ID) may present overlapping having non-zero area.
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We want to characterize the measures p > 0 on D such that the following weighted
Poincaré-type inequality holds for all f € D:

[Pt 5 (5 [ 17 GRane) + 150P). (39)

Denote with C(u) the smallest positive constant such that (3.9)) holds.

Consider the identification of the infinite rooted dyadic tree T» with 9D, choose
p = 2 and consider the kernel K(s,t) =

on D [
Consider the inequality:

%, where |s — t| is the Euclidean distance

|s—

N

N
Usuy) | sca | UL, (3.10)
j=1

J=1

where Iy,...,Iy are any disjoint closed arcs of 0D and each S(I;) is the part of D
surrounded by I; and the hyberbolic geodesic connecting its endpoints EI, and let cap(p)
be the best constant with respect to which holds. Then, we have the following
characterization of C'(u):

Theorem 3.3.5 ([2]). C(p) = cap(p).

Consider the double representation of T, as dyadic tilings of the unit square and of
D given in figure If f € D is such that f(0) =0, then

f(z) = g f'(w)dw
where I', : [0,1] — D is any smooth path connecting z to 0. I';(]0, 1]) is a closed path
in D which intersects a certain number of boxes of the dyadic tiling of D. Let Q(0) be
the box containing 0 and @(z) be the box of D containing z. Then,

f6)= [ fw m—zf (o = 3 (e e(@)]),

zﬂQa

where the sums are taken over the a such that @, is a box which intersects I',(]0, 1])
and c(a) is the point of Q, corresponding to the center of the tile in [0,1]® which
corresponds to (Qn. Proceeding with the calculation:

2) =) fe(@)(1~ le(a)]) = Ip(Q(2)),

2That is the length of the shortest arc connecting s,t € 9D.
3Recall that hyperbolic geodesics are either arcs of diameters or arcs of circumferences that are
orthogonal to dD.
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where
p(a) = [f(c(@))|(1 = |e()]).
Heuristically, starting from the left hand-side of (3.9)), we get

/ () Pdu(z) Z / 2)Pdu(z) = 3 (To(Qs))21(Qs),

B

while the right hand-side gives:
1/ 2 112 / 2
L pam = / FRdm~ S CB)? 18]
LT S IS > 1
~ _ 2
~(1—-1Qgl)

so that we find that (3.9)) is also equivalent to the dyadic Hardy inequality:

> (Te(Qs)7u(@p) S 2(Qp)° (3.11)
B B

Let (u) be the smallest constant with respect to which (3.11]) holds.

Theorem 3.3.6. 1 is a Carleson-Stegenga measure if and only if the map B — pn(Qp)
satisfies with (u) ~ C(p).
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